A Simple Method for Completing Degenerate Delaunay Tessellations

Michael B. Dillencourt Information and Computer Science Department University of California Irvine, CA 92697-3425

Warren D. Smith NEC Research Institute 4 Independence Way Princeton NJ 08540

Abstract

We characterize the conditions under which completing a Delaunay tessellation produces a configuration that is a nondegenerate Delaunay triangulation of an arbitrarily small perturbation of the original sites. One consequence of this result is a simple postprocessing step for resolving degeneracies in Delaunay triangulations that does not require symbolic perturbation of the data. We also give an example showing that if a set of points has a degenerate Delaunay tessellation, the globally equiangular triangulation is not necessarily realizable as the nondegenerate Delaunay triangulation of a perturbation of the sites.

May 6, 1993 Revised June 28, 1997

(To Appear, Computational Geometry: Theory and Applications)

1 Introduction

A data-induced degeneracy (or simply degeneracy) in a geometric computation is a subset of the input that does not satisfy the “general position” assumptions appropriate for the computation. For example, a degeneracy in a line arrangement is a set of three or more concurrent lines. In the context of planar Delaunay triangulations, a degeneracy is either (1) a set of 4 or more cocircular generating sites such that the circle through the sites contains no other generating site in its interior, or (2) a set of three or more collinear generating sites on the boundary of the convex hull.

Handling degeneracies correctly is an important, and subtle, practical issue that arises in the implementation of geometric algorithms. It is generally desirable to resolve a data-induced degeneracy by computing a nondegenerate output that can be realized by an arbitrarily small perturbation of the input. A number of general approaches, based on symbolic perturbation schemes or other symmetry-breaking techniques have been developed [10, 11, 16, 26, 27]; see [28] for a recent survey. All of these techniques involve some computational overhead, often a substantial amount.

In this paper, we consider the special case of two-dimensional Delaunay triangulations. It is well-known that not all possible triangulations have combinatorially equivalent realizations as Delaunay triangulations [7, 13]. Indeed, only an exponentially small fraction of triangulations have such a realization [24]. Hence one would expect that some care is necessary when removing degeneracies from Delaunay triangulations and indeed, this turns out to be the case. However, the amount of care required turns out to be quite modest. In particular, we show that general symmetry-breaking schemes are unnecessary, and that a much simpler method of resolving degeneracies suffices.

Our main result (Theorem 3.1) is a characterization of the conditions under which completing a degenerate Delaunay tessellation yields a configuration which is the nondegenerate triangulation of an arbitrarily small perturbation of the input. The proof of Theorem 3.1 is given in Section 5. The proof is based on a characterization of the conditions under which adding an edge to an inscribable polyhedron preserves inscribability (Theorem 5.1), which may be of independent interest. A specific example showing that the (minor) restrictions imposed by Theorem 3.1 are indeed necessary is given in Section 6. Practical consequences for Delaunay triangulation algorithms are discussed in Section 7. In Section 8, we apply Theorem 3.1 to show that any triangulation of a simple polygon may be realized as a Delaunay triangulation of an “almost cocircular” set of points.

Edelsbrunner has defined a globally equiangular triangulation to be a triangulation that maximizes lexicographically the angle sequence (sorted in increasing order) [9]. Mount and Saalfeld have given an efficient algorithm to compute the globally equiangular triangulation of a set of cocircular points [17]. When points are in general position, the Delaunay triangulation is the globally equiangular triangulation. In Section 9, we show that if a set of points has a degenerate Delaunay tessellation, the globally equiangular triangulation need not be realizable as the nondegenerate Delaunay triangulation of a small perturbation of the sites, even if the globally equiangular triangulation is unique.

Somewhat related to the results of this paper are algorithms proposed by Fortune [12] and by Sugihara and Iri [25] for computing “approximate” Delaunay triangulations using fixed-precision arithmetic. In particular, Fortune’s algorithm uses O(n^2) fixed-precision operations and produces a triangulation that satisfies an approximate Delaunay condition [12]. However, there is no guarantee that the output of his algorithm will be the Delaunay triangulation of any input. The postprocessing algorithm described in Section 7 of this paper is only applicable if exact computation is being used, since otherwise it is impossible to correctly detect degeneracies. If exact computation is used, our algorithm produces a triangulation that is guaranteed to be the (nondegenerate) Delaunay triangulation of an arbitrarily small perturbation of the input.

2 Preliminaries

Except as noted, we use the graph-theoretical notation and definitions of [2]. In particular, V (G) and E(G) denote the set of vertices and edges of a graph G, respectively. A triangulation is a 2-connected plane graph in which all faces except possibly the outer face are bounded by triangles. A maximal planar graph is a planar graph in which all faces (including the outer face) are bounded by triangles. A graph G is 1-tough [4] if for all nonempty S ⊆ V (G), c(G − S) ≤ |S|. (Here | · | denotes cardinality, and c(·) denotes the number of connected components.) G is 1-supertough if, for all S ⊆ V (G) with |S| ≥ 2, c(G − S) < |S|. The Delaunay tessellation, DT(S), of a planar set of points S is the unique graph with V (G) = S such that the outer face is bounded by the convex hull of S, all vertices on the boundary of a common interior face are cocircular, the vertices of an interior face are exactly the points of S lying on the circumcircle of the face, and no points of S lie in the interior of a circumcircle of any interior face. DT(S) is said to be nondegenerate if it is a triangulation and all convex hull vertices of S are extreme points of S, degenerate otherwise. If DT(S) is nondegenerate, it is called the Delaunay triangulation. Elementary properties of the Delaunay tessellation/triangulation, and the more conventional definition as the dual of the Voronoi diagram, are developed in [1, 9, 18].

Let S be a set of generating sites, DT(S) its Delaunay tessellation. Define a completion of DT(S) to be a triangulation obtained by

(C1) Declaring each non-extreme site on the convex hull of S to be either “extreme” or “non-extreme.”

(C2) Adding new edges so that the sites incident on the outer face are exactly the sites that either are extreme sites or were declared “extreme” in step (C1).

(C3) Adding diagonals to non-triangular interior faces of DT(S).

If DT(S) is nondegenerate, it has only one completion, namely itself. If DT(S) is degenerate, there is more than one way to complete it. In this case, we call any completion of DT(S) a degenerate Delaunay triangulation.

3 The Main Result

We say a Delaunay triangulation is valid if it can be realized as a nondegenerate Delaunay triangulation of an arbitrarily small perturbation of its input. Obviously, any nondegenerate Delaunay triangulation is valid. Theorem 3.1, below, characterizes the completions of Delaunay tessellations that produce valid Delaunay triangulations.

The augmented Delaunay tessellation of S, ADT(S), is the graph obtained from DT(S) by adding a new vertex ∞, representing the point at infinity, and connecting all extreme points of S to ∞. Obtaining a completion of the Delaunay tessellation, as defined in Section 2, is equivalent to adding diagonals to faces of ADT(S) to make it maximal planar. Indeed, declaring a non-extreme site on the convex hull of S to be “extreme” in step (C1) corresponds to connecting the site with ∞ in ADT(S), while edges added in steps (C2) and (C3) correspond directly to edges added to ADT(S).

If ADT(S) is a bipartite graph, assume that its vertices are two-colored red and blue. In this case, a weakly symmetric completion of DT(S) is a completion obtained by first adding edges to ADT(S) to obtain a maximal planar graph, in such a way that at least one red-red edge and at least one blue-blue edge are added, and then removing the vertex ∞ (and all attached edges).

Theorem 3.1 Let S be a set of planar points.

(a) If the augmented Delaunay tessellation ADT(S) is not bipartite, then any completion of DT (S) is valid.

(b) If ADT(S) is bipartite, then a completion of DT(S) is valid if and only if it is weakly symmetric. If the completion is not weakly symmetric, then it is not the Delaunay triangulation of any input.

The proof of this theorem is given in Section 5.

Theorem 3.1(a) says that except in highly degenerate cases, any completion of a Delaunay tessellation yields a valid Delaunay triangulation. In particular, if ADT(S) is bipartite, every face of DT(S) has even valence (so DT(S) has no triangular faces!) and no two extreme points of S appear consecutively on the convex hull of S. Such behavior, while pathological, can occur: we give an example in Section 6. Since testing ADT(S) for bipartiteness (and ensuring weak symmetry of the completion, if necessary) is straightforward, Theorem 3.1 provides a simple method for postprocessing a degenerate Delaunay triangulation to obtain a triangulation that is a nondegenerate Delaunay triangulation of an arbitrarily small perturbation of the input. We discuss this in more detail in Section 7.

4 Some Facts about Inscribable Graphs

The proof of Theorem 3.1 uses some theoretical results about inscribable graphs, which we summarize here. A graph G is polyhedral if it can be realized as the edges and vertices of the convex hull of a noncoplanar set of points in 3-space. A famous theorem of Steinitz (see [13]) asserts that a graph is polyhedral if and only if it is 3-connected and planar. A graph G is inscribable if it can be realized as the edges and vertices of the convex hull of a noncoplanar set of points on the surface of a sphere in 3-space. An inscription of G is an assignment of coordinates to the vertices of G achieving this realization. A cutset in a graph is a minimal set of edges whose removal increases the number of components. A cutset is noncoterminous if its edges do not all have a common endpoint.

The following result is due to Rivin [21] (also see [14, 19, 23]).

Characterization 4.1 A graph is inscribable if and only if it is polyhedral and weights w can be assigned to its edges such that:

(W1) For each edge e, 0 < w(e) < 1/2.

(W2) For each vertex v, the total weight of all edges incident on v is equal to 1.

(W3) For each noncoterminous cutset C ⊆ E(G), the total weight of all edges in C is strictly greater than 1.

The weights in Characterization 4.1 correspond to certain normalized hyperbolic angles in a realization of the polyhedron as a convex polyhedron in hyperbolic 3-space with vertices on the ideal sphere. These angles uniquely determine an inscription, up to homothetic transformations. Furthermore, there is a continuity relation between the weights and the inscription, which is precisely formulated in the following lemma.

Lemma 4.2 ([22]) Let G be an inscribable graph, w a weighting, I an inscription of G that realizes w, ϵ > 0.

(a) There exists a real number δ = δ(G, w, ϵ) such that if w^0 is any other weighting of G satisfying conditions (W1)–(W3) and for which |w(e) − w^0(e)| < δ for all e ∈ E(G), then there is an inscription I^0 of G realizing w^0 with d(I(v), I^0(v)) < ϵ for all v ∈ V (G).

(b) Let H be a planar graph obtained from G by adding edges e_1, . . ., e_k. There exists a real number δ = δ(G, w, ϵ) such that if w^0 is any weighting of H satisfying conditions (W1)–(W3) and the additional conditions that |w(e) − w^0(e)| < δ for all e ∈ E(G) and 0 < w^0(e_i) < δ for 1 ≤ i ≤ k, then there is an inscription I^0 of H realizing w^0 with d(I(v), I^0(v)) < ϵ for all v ∈ V (G).

The following lemma describes the connection between Delaunay tessellations and inscribable graphs. It is a different formulation from that in [3]. The operation of stellating a face f in a plane graph G consists of adding a vertex inside the face f and then connecting all vertices incident on f to the new vertex.

Lemma 4.3 A plane graph G is realizable as DT(S) for some set S, with f as the unbounded face, if and only if the graph G^0 obtained from G by stellating f is inscribable. In this case, G^0 is realizable as ADT(S).

Proof The lemma follows immediately from the fact that stereographic projection of a plane (together with the point at ∞) onto a sphere maps lines onto circles passing through the pole, and circles onto circles not passing through the pole. See [5] for a discussion of stereographic projection.

5 Proof of Theorem 3.1

In this section, we prove Theorem 3.1. We first establish the circumstances under which adding an edge to an inscribable graph preserves inscribability.

Theorem 5.1 Let G be an inscribable graph. Suppose that H is obtained from G by performing any of the following transformations in such a way that H remains planar.

(T1) If G is nonbipartite, adding an edge to G.

(T2) If G is bipartite, adding a red-blue edge to G.

(T3) If G is bipartite, adding a red-red edge and a blue-blue edge to G.

Then H is inscribable, and can be realized through an arbitrarily small perturbation of the vertices of G.

Proof Since G is polyhedral, so is H. Let ϵ > 0 be given. Let w be a weighting of the edges of G satisfying (W1)–(W3) of Characterization 4.1, and extend this weighting to H by (temporarily) assigning the new edge(s) a weight of 0. Let α be less than the minimum slack in all the strict inequalities in (W1) and (W3) in the weighting of G, and let n be the number of vertices in G. Finally, let δ = min(α/n, ϵ)/2. We show that the temporary weights assigned to H can be modified so that (1) the modified weights provide a weighting of H satisfying (W1)–(W3), and (2) no edge weight is modified by more than 2δ. The theorem then follows from Characterization 4.1 and Lemma 4.2.

Suppose first that a single edge e = vx is added (Transformation (T1) or (T2)). Since H is planar and G is 3-connected, v and x are nonconsecutive vertices incident on a common face f of G. Adding e splits f into two new faces, f_1 and f_2. If either of these two faces has even valence, alternately modify the weights of edges about this face by ±δ, with e being modified by +δ, as shown in Figure 1(a). Notice that when (T2) is applied, this case must occur.

When (T1) is applied, if both f_1 and f_2 have odd valence, then f must have even valence. Since G is nonbipartite, there must be a face of G (and hence of H) with odd valence. Let Z be the cycle bounding this face. Choose a path Φ in G from v to a vertex u of Z. Modify the weights of the edges along Φ by ±δ, alternating signs, so that the edge incident on v is modified by −δ. Modify the weights along Z by ±δ/2, alternating signs, so that the two edges of Z incident on u have the opposite sign from the edge of Φ incident on u. (See Figure 1(b)). Process vertex x in a similar fashion. Assign edge e a weight of δ. It is easy to see that this modification satisfies the necessary properties.

+ffi_e �ffi +ffi �ffi +ffi �ffi^u v

�^ffi_2

�^ffi_2

+^ffi_2

�^ffi_2

+^ffi_2 �ffi +ffi

(a) (b)

Figure 1: (a) Adding an edge e when at least one face of H incident on e has even valence. (b) Adding an edge e when some face of G has odd valence.

Finally, consider Transformation (T3), and let e_1 and e_2 be the two new edges. Choose any cycle Z in H passing through e_1 and e_2. Increment the weights along Z by ±δ, alternating signs, so that w(e_1) is incremented by +δ. Since G is bipartite, e_1 is redred, and e_2 is blue-blue, it follows that Z has even length and w(e_2) is also incremented by +δ. Hence all (W1) constraints are preserved.

Proof of Theorem 3.1 Suppose first that the hypotheses of Theorem 3.1(a) or (b) hold. By Lemma 4.3, ADT(S) is inscribable. It then follows from repeated applications of Theorem 5.1 that the completion of ADT(S) is inscribable, and the inscription may be achieved through an arbitrarily small perturbation of the inscription of ADT(S). Hence (a), and the “if” part of (b), follow from Lemma 4.3 and the fact that stereographic projection is a bicontinuous mapping between the sphere and the extended plane.

Now suppose that ADT(S) is bipartite, but that the completion is not weakly symmetric. Let K^0 be the maximal planar graph obtained by adding edges to ADT(S) and assume, without loss of generality, that all the edges are blue-blue. Let K be the graph obtained by deleting ∞ from K^0. Let b and r denote, respectively, the number of blue and red vertices of ADT(S). Since all inscribable graphs are 1-tough ([7, Theorem 3.2]), r = b. Hence removing the b blue vertices from K^0 decomposes it into b components, each consisting of a single red vertex. Since K^0 is maximal planar and not 1-supertough, K^0 cannot be inscribable ([8, Theorem 2.2]). It follows from Lemma 4.3 that K is not realizable as a Delaunay triangulation of any input.

6 An Example of a Non-Realizable Completion

Theorem 3.1 provides a characterization of those completions of degenerate Delaunay tessellations that can be realized as Delaunay triangulations of arbitrarily small perturbations of the input. An example of a completion that fails the weak symmetry test of Theorem 3.1(b) is shown in Figure 2. This example was originally described by Kantabutra in a somewhat different context [15]. The set S of generating sites consists of the three vertices of an equilateral triangle, the midpoints of the edges, and the centroid. DT(S) is shown on the left of the figure. The two triangulations obtained by completing

Figure 2: A degenerate Delaunay tessellation, DT(S) such that ADT(S) is bipartite (shown on the left), and the two triangulations resulting from non-weakly-symmetric completions of ADT (S).

DT(S) in a non-weakly-symmetric fashion are shown on the right of the figure. Neither of these triangulations is realizable as a Delaunay triangulation, as they fail to satisfy the necessary conditions of Theorems 3.1 and 3.2 of [7], respectively. By Theorem 3.1 of this paper, any completion of the tessellation in Figure 2, other than the two shown, can be realized by an arbitrarily small perturbation of the vertices of S.

7 Consequences for Delaunay Triangulation Algorithms

Suppose that a Delaunay triangulation algorithm is correct in the sense that it produces the Delaunay triangulation if its input is nondegenerate and produces some degenerate Delaunay triangulation if its input is degenerate. We can ensure that the algorithm always produces a valid Delaunay triangulation by postprocessing its output as follows. Let S be an input to such an algorithm, G its output.

1. Add a new vertex to G, and label it ∞. Connect every vertex on the outer face of G to ∞. Call the augmented graph, which is maximal planar, G^0.

2. Label each edge e = uv of G^0 as either “real” or “artificial” as follows:

(a) If either u or v is ∞, (assume u = ∞), label e as “real” if v is an extreme point of S, “artificial” otherwise. Notice that this can be done in constant time by determining whether angle xvw = 180^o, where x and w are the two neighbors of v adjacent to u about v.

(b) If e is an edge of the outer face of G, let x be the (unique) vertex such that x ≠ ∞ and uxv bounds a face of G^0. Label e as “real” if angle uxv < 180^o, “artificial” if angle uxv = 180^o.

(c) If neither of the preceding two cases apply, e is an interior edge of G. Let w and x be the two vertices of G such that uwv and uxv bound faces of G. Label e “artificial” if u, v, w, and x are cocircular, “real” otherwise.

3. Determine whether the subgraph of G^0 induced by the “real” edges is bipartite. If so, 2-color the vertices of this graph red and blue, and proceed to Step 4. Otherwise, exit.

4. If there is at least one red-red “artificial” edge and at least one blue-blue “artificial” edge, exit.

5. Choose any “artificial” edge of G^0, say uv and delete it, creating a 4-valent face uxvw. Add the “opposite diagonal” xw to G^0. Make the corresponding changes in G (i.e., delete uv if u ≠ ∞ and v ≠ ∞, add xw if x ≠ ∞ and w ≠ ∞).

It follows from Theorem 3.1 that the preceding postprocessing sequence produces a graph G that is a valid Delaunay triangulation of S. In the worst case, O(|S|) operations are required. It is never necessary to perform more than one edge deletion and one edge addition.

8 A Delaunay Realizability Theorem

It was shown in [6] that any triangulation of a simple polygon (that is, any triangulation obtained by adding diagonals to the interior of a simple polygon) is combinatorially realizable as a nondegenerate Delaunay triangulation. Theorem 3.1 provides a simple proof of a stronger version of this result:

Theorem 8.1 Let T be any triangulation of a simple polygon with n vertices, v_1, . . ., v_n (listed in order along the boundary of the polygon). Then T can be realized as a (combinatorially equivalent) nondegenerate Delaunay triangulation. Furthermore, if p_1, . . ., p_n are any set of distinct cocircular points in the plane (listed in counterclockwise order about their common circle), and ϵ is any prescribed positive real number, then the vertices in the Delaunay realization of T can be chosen so that for each i, the vertex in the realization corresponding to v_i is at a distance of at most ϵ from p_i.

Proof Let S = {p_1, p_2, . . ., p_n}. Since the set S is cocircular, the Delaunay tessellation DT(S) is the polygon p_1p_2 . . . p_np_1. Since each point in S is an extreme point, the augmented Delaunay Tessellation ADT(S) is nonbipartite. Hence, by Theorem 3.1, any completion of DT(S) is realizable as the nondegenerate Delaunay triangulation of an arbitrarily small perturbation of the vertices {p_i}. In particular, this is true of the completion obtained by adding a diagonal p_ip_j if and only if v_iv_j is an edge of T .

Theorem 8.1 implies, in particular, that the realization of T may be chosen so that the vertices come arbitrarily close to forming the vertices of a regular polygon. The proof of Theorem 8.1 can be easily extended to show that any partial triangulation of a simple polygon can be realized as a Delaunay tessellation.

9 Globally Equiangular Triangulations

A globally equiangular triangulation is a triangulation that achieves the lexicographic maximum of the angle sequence, sorted in nondecreasing order. Theorem 8.1 implies that any triangulation of a cocircular planar point set is a valid Delaunay triangulation, and hence any globally equiangular triangulation of a cocircular point set is a valid Delaunay triangulation.

It is shown on [9, page 302] that any globally equiangular triangulation is necessarily a completion of the Delaunay tessellation. Here we show that a globally equiangular triangulation need not be a valid completion of the Delaunay tessellation.

Consider the (degenerate) Delaunay tessellation shown in Figure 3(a). The sites consist of the vertices of a 2 × 2 square grid, with the four corner vertices perturbed. For each corner vertex, the perturbation consists of rotating it clockwise on the circumcircle of the small square containing it, through an angle of θ degrees. The resulting point set still has a convex hull that is a square, a central point in the center of the square, and four rotational symmetries. However, the four vertices along the square’s sides are no longer the midpoints of the sides.

Quadrilateral ABCD may be triangulated in one of two ways. The left (respectively, right) half of the following table gives the angles that would be obtained if edge BD (respectively, AC ) were added to the triangulation.

Angle Value Angle Value BDA 45−θ/2 BCA 45−θ/2 DBC 45 DAC 45 CDB 45 CAB 45 ABD 45+θ/2 ACD 45+θ/2 DAB 90 CDA 90−θ/2 BCD 90 ABC 90+θ/2

These values and the symmetry of the figure imply that the (unique) globally equiangular triangulation is the triangulation shown in Figure 3(b). This triangulation represents a completion of the Delaunay tessellation that is not weakly symmetric. Hence, by Theorem 3.1, it is not combinatorially equivalent to the Delaunay triangulation of any input, so in particular, it is not a valid completion of the Delaunay tessellation of Figure 3(a).

10 Final Remark

The proofs given in this paper are constructive, in the sense that they describe how to manipulate the edge weightings described in Characterization 4.1. Once appropriate weightings are computed, a corresponding inscription (or the coordinates of a Delaunay realization) can be found using algorithms sketched in [20, 22].

Acknowledgment

It is a pleasure to acknowledge stimulating conversations with Igor Rivin.

A B

D C

A B

D C

(a) (b)

Figure 3: The globally equiangular triangulation of a point set with a degenerate Delaunay tessellation need not be combinatorially equivalent to the nondegenerate Delaunay triangulation of any point set.

References

[1] F. Aurenhammer. Voronoi diagrams—a survey of a fundamental geometric data structure. ACM Computing Surveys, 23(3):345–405, September 1991.

[2] J. A. Bondy and U. S. R. Murty. Graph Theory with Applications. North-Holland, New York, NY, 1976.

[3] K. Q. Brown. Voronoi diagrams from convex hulls. Information Processing Letters, 9(5):223–228, December 1979.

[4] V. Chvátal. Tough graphs and Hamiltonian circuits. Discrete Mathematics, 5(3):215–228, July 1973.

[5] H. S. M. Coxeter. Introduction to Geometry. John Wiley and Sons, New York, NY, second edition, 1969.

[6] M. B. Dillencourt. Realizability of Delaunay triangulations. Information Processing Letters, 33(6):283–287, February 1990.

[7] M. B. Dillencourt. Toughness and Delaunay triangulations. Discrete & Computational Geometry, 5(6):575–601, 1990.

[8] M. B. Dillencourt and W. D. Smith. A linear-time algorithm for testing the inscribability of trivalent polyhedra. International Journal of Computational Geometry & Applications, 5(1–2):21–36, March–June 1995.

[9] H. Edelsbrunner. Algorithms in Combinatorial Geometry, volume 10 of EATCS Monographs on Theoretical Computer Science. Springer-Verlag, Berlin, 1987.

[10] H. Edelsbrunner and E. P. Mücke. Simulation of simplicity: A technique to cope with degenerate cases in geometric algorithms. ACM Transactions on Graphics, 9(1):66–104, January 1990.

[11] I. Emiris and J. Canny. A general approach to removing degeneracies. SIAM Journal on Computing, 24(3):650–664, June 1995.

[12] S. Fortune. Numerical stability of algorithms for 2D Delaunay triangulations. International Journal of Computational Geometry & Applications, 5(1–2):193–213, March–June 1995.

[13] B. Grünbaum. Convex Polytopes. Wiley Interscience, New York, NY, 1967.

[14] C. D. Hodgson, I. Rivin, and W. D. Smith. A characterization of convex hyperbolic polyhedra and of convex polyhedra inscribed in the sphere. Bulletin of the AMS, 27(2):246–251, October 1992. See also Erratum, Bulletin of the AMS, 28(1):213, January 1993.

[15] V. Kantabutra. Traveling salesman cycles are not always subgraphs of Voronoi duals. Information Processing Letters, 16(1):11–12, January 1983.

[16] D. Michelucci. An epsilon-arithmetic for removing degeneracies. In S. Knowles and W. H. McAllister, editors, Proceedings of the IEEE 12th Symposium on Computer Arithmetic, pages 230–237, Bath, UK, July 1995.

[17] D. M. Mount and A. Saalfeld. Globally-equiangular triangulations of co-circular points in O(n log n) time. In Proceedings of the Fourth ACM Symposium on Computational Geometry, pages 143–152, Urbana-Champaign, IL, June 1988.

[18] F. P. Preparata and M. I. Shamos. Computational Geometry: An Introduction.

Springer-Verlag, New York, NY, 1985.

[19] I. Rivin. On geometry of convex ideal polyhedra in hyperbolic 3-space. Topology, 32(1):87–92, January 1993.

[20] I. Rivin. Euclidean structures on simplicial surfaces and hyperbolic volume. Annals of Mathematics, 139(3):553–580, May 1994.

[21] I. Rivin. A characterization of ideal polyhedra in hyperbolic 3-space. Annals of Mathematics, 143(1):51–70, January 1996.

[22] I. Rivin and W. D. Smith. Ideal polyhedra in H^3 are determined by their dihedral angles. Manuscript, NEC Research Institute, Princeton, NJ, 1991.

[23] I. Rivin and W. D. Smith. Inscribable graphs. Manuscript, NEC Research Institute, Princeton, NJ, 1991.

[24] W. D. Smith. On the enumeration of inscribable graphs. Manuscript, NEC Research Institute, Princeton, NJ, 1991.

[25] K. Sugihara and M. Iri. Construction of the Voronoi diagram for one million generators in single-precision arithmetic. Proceedings of the IEEE, 80(9):1471–1484, September 1992.

[26] C. K. Yap. A geometric consistency theorem for a symbolic perturbation scheme.

Journal of Computer and System Sciences, 40(1):2–18, January 1990.

[27] C. K. Yap. Symbolic treatment of geometric degeneracies. Journal of Symbolic Computation, 10(3–4):349–370, September–October 1990.

[28] C. K. Yap. Robust geometric computation. In J. E. Goodman and J. O’Rourke, editors, CRC Handbook in Discrete and Computational Geometry, chapter 35. CRC Press, Boca Raton, FL, 1997.